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UNIQUENESS OF FIBER FUNCTORS AND UNIVERSAL
TANNAKIAN CATEGORIES
DANIEL SCHA¨PPI
Abstract. The principal aim of this note is to give an elementary proof of
the fact that any two fiber functors of a Tannakian category are locally isomor-
phic. This builds on an idea of Deligne concerning scalar extensions of Tan-
nakian categories and implements a proof strategy which Deligne attributes
to Grothendieck. Besides categorical generalities, the proof merely relies on
basic properties of exterior powers and the classification of finitely generated
modules over a principal ideal domain.
Using related ideas (but less elementary means) we also present an alterna-
tive characterization of Tannakian categories among the more general weakly
Tannakian categories. As an application of this result we can construct from
any right exact symmetric monoidal abelian category with simple unit object
a universal Tannakian category associated to it.
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1. Introduction
The notion of a Tannakian category provides a characterization of categories of
coherent sheaves Coh(G) of an fpqc-gerbe G with affine band and affine diagonal.
It is comparatively straightforward to show from the definition that a Tannakian
category is equivalent to the category of coherent sheaves Coh(X) of some fpqc-
stack X, but the proof that the stack in question is in fact a gerbe presented
in [Del90] is quite technical, in particular in the case where the ground field is
imperfect.
One needs to show is that any two fiber functors of a (k-linear) Tannakian
category T are locally isomorphic in the fpqc-topology, or, equivalently, that the
diagonal of the corresponding stack is faithfully flat. This, in turn, follows readily
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2 DANIEL SCHA¨PPI
from the fact that the Deligne tensor product T  T of T with itself is again a
Tannakian category. In [Del14], Deligne mentions an alternative strategy to prove
this result suggested by Grothendieck, which relies on a scalar extension result for
Tannakian categories. Namely, starting from a fiber functor w : T → VectfdK , one
obtains a faithful and exact tensor functor
w  id : T T → VectfdK T
with target the scalar extension of T . Since this faitfhul and exact tensor functor
detects simple objects and objects with duals, it therefore suffices to check that
VectfdK T is a Tannakian category over K.
In [Del14, §5], Deligne gives an elementary proof of this scalar extension result
in the case where K is a finite field extension of k. Note that this result can already
be used as outlined above if there exists a fiber functor T → VectfdK where K is
a finite extension of k. Moreover, we know that such a fiber functor always exists
in the case where T is finitely generated by [Del90, Corollaire 6.20]. However, the
proof of this Corollary involves precisely the most technical parts of [Del90] which
we want to avoid.
In §2, we provide the necessary background on weakly Tannakian categories and
scalar extensions of linear categories. In §3, we recall some basic properties of
exterior powers and complete the proof that the scalar extension of a Tannakian
category is again Tannakian. In §4, we give a new characterization of Tannakian
categories among the weakly Tannakian categories. As an application, we study
the question when the universal weakly Tannakian categories introduced in [Sch15,
§5.6] are in fact Tannakian. Namely, we show that the universal weakly Tannakian
category associated to a right exact symmetric monoidal abelian category is Tan-
nakian if the unit object of the original category is simple.
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2. Background
2.1. Weakly Tannakian categories. As mentioned in the introduction, the cen-
tral aim of this note is to give an elementary proof of the fact that any two fiber
functors of a Tannakian category are locally isomorphic. We start by explaining
in more detail how this follows from the fact that the Deligne tensor product of
two Tannakian categories is again Tannakian. As it turns out, the corresponding
result for tensor products of weakly Tannakian categories is simpler to prove. At
the same time it provides a conceptual way to see this relationship.
Throughout this section, we fix a field k (though most of what we say is true
for an arbitrary commutative base ring). We call a finitely cocomplete k-linear
category A ind-abelian if Ind(A ) is an abelian category. See also [Sch14, §2] for
an alternative characterization of ind-abelian categories.
Definition 2.1.1. Let A be an ind-abelian k-linear symmetric monoidal category
whose tensor product is right exact in each variable. Then A is called weakly
Tannakian if the following hold:
(i) There exists a fiber functor w : A → ModfpA for some commutative k-
algebra A, that is, a faithful right exact symmetric strong monoidal functor
whose extension to ind-objects is exact.
(ii) The categoryA is generated by objects with duals: for every object A ∈ A ,
there exists an object A′ ∈ A with a dual and an epimorphism A′ → A.
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Clearly every Tannakian category is weakly Tannakian. Other examples include
the category of finitely presentable modules over a commutative k-algebra and
the category of coherent sheaves of a noetherian quasi-projective scheme (here the
object A′ in (ii) above can even be taken to be a finite direct sum of line bundles).
Any fpqc-covering of the scheme by an affine scheme yields a fiber functor by taking
the pullback of a coherent sheaf to the cover. In fact, this example can be suitably
generalized to include all weakly Tannakian categories. This is made precise in the
following theorem. We call a quasi-compact semi-separated fpqc-stack an Adams
stack if the vector bundles form a generator of its category of quasi-coherent sheaves.
Theorem 2.1.2. The pseudofunctor which sends an Adams-stack X to the sym-
metric monoidal category QCohfp(X) of finitely presentable quasi-coherent sheaves
on X gives a contravariant biequivalence between the 2-category of Adams stacks
and the 2-category of weakly Tannakian categories and right exact symmetric strong
monoidal functors between them.
Proof. This is proved in [Sch14, Theorem 1.6] and [Sch12, Theorem 1.3.3]. 
The central ingredient of the proof of this theorem is the Beck (co)monadicity
theorem, applied to the functor Ind(w) : Ind(A )→ModA. One needs to observe
that the induced comonad is given by a Hopf algebroid (the dual notion of an
affine groupoid), which relies on the two facts that tensor functors preserve duals
and that modules with duals are precisely the finitely generated projective ones,
whence homming out of them preserves colimits.
Recall that the Deligne tensor product A B of two abelian categories A and
B is the universal abelian category with a k-linear functor
A ×B → A B
of two variables which is right exact in each variable. This tensor product does
unfortunately not always exist. However, if instead of abelian categories we merely
consider additive categories with cokernels (equivalently, additive categories with
finite colimits), we can still talk about right exact functors, and in this world, the
corresponding tensor product always exists (see [Kel05, §6.5]). We call the latter
tensor product the Kelly tensor product. It turns out that the Deligne tensor prod-
uct of two abelian categories exists if and only if the Kelly tensor product happens
to be an abelian category, so the Kelly tensor product is really a generalization the
Deligne tensor product. The key result about weakly Tannakian categories that we
will need is the following theorem.
Theorem 2.1.3. If A and B are weakly Tannakian categories with fiber functors
v : A → ModA and w : B → ModB, then the Kelly tensor product A  B is
weakly Tannakian and
v  w : A B →ModfpA ModfpB 'ModfpA⊗B
is a fiber functor.
Proof. This is proved in [Sch14, Theorem 6.6]. 
If we combine these two theorems, we obtain the following important corollary.
Corollary 2.1.4. For any two Adams stacks X and Y , there is a canonical equiv-
alence
QCohfp(X × Y ) ' QCohfp(X)QCohfp(Y )
of k-linear symmetric monoidal categories. In particular, X has a faithfully flat
diagonal if and only if the functor
QCohfp(X)QCohfp(X)→ QCohfp(X)
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induced by the tensor product of quasi-coherent sheaves is faithful and exact.
Proof. A product of Adams stacks is again an Adams stacks, and the Kelly tensor
product of two symmetric monoidal categories whose tensor product is right exact
in each variable provides a coproduct among such categories. Combining this with
Theorems 2.1.2 and 2.1.3, we find that both sides represent the coproduct of weakly
Tannakian categories, so they must be equivalent. A more detailed proof of this
can be found in [Sch14, Theorem 1.7].
The second claim follows from the first since the functor induced by the tensor
product corresponds to the diagonal of the stack under Tannaka duality. 
This corollary shows in particular that an Adams stack X is a gerbe if the cat-
egory QCohfp(X) QCohfp(X) is Tannakian. Indeed, it is well-known that any
right exact symmetric strong monoidal k-linear functor whose domain is Tannakian
and whose target is (weakly) Tannakian is automatically faithful and exact: such
a stack X is clearly non-empty and the evident cartesian square shows that any
two points of a stack with faithfully flat diagonal are fpqc-locally isomorphic. An-
other consequence of Theorem 2.1.3 is the desired reduction of the local uniqueness
question to scalar extension. For later use, prove the following lemma separately.
Lemma 2.1.5. Any rigid ind-abelian category is abelian. In particular, a weakly
Tannakian category is Tannakian if and only if it is rigid and the endomorphism
ring of the unit object is a field.
Proof. Any rigid category with cokernels also has kernels, and any ind-abelian cat-
egory with kernels must be abelian since the embedding into ind-objects preserves
kernels.
If A is also weakly Tannakian and the endomorphism ring of the unit is a field,
then the unit object is simple, hence any right exact functor A → VectK is faithful
and exact (see [Del90, Corollaire 2.10]), so we get the desired fiber functor with
values in K-vector spaces by composing the fiber functor w : A → ModA (which
exists by Definition 2.1.1) with the tensor functor induced by any epimorphism
A → K. To see that such an epimorphism exists, we only need to observe that
A 6= 0, which follows from the fact that w is faithful. 
Corollary 2.1.6. Let T and T ′ be Tannakian categories over k with fiber functors
w : T → VectfdK and w′ : T ′ → VectfdK′ . If the scalar extension T VectfdK′ of T
from k to K ′ is a Tannakian category over K ′, then the tensor product T T ′ is a
Tannakian category over k. In particular, if the scalar extension of T from k to K
is Tannakian over K, then any two fiber functors on T are fpqc-locally isomorphic.
Proof. We can apply Theorem 2.1.3 to the pair (T , w) and (T ′, w′) of Tannakian
categories and the pair (T , w) and (VectK′ , id) of weakly Tannakian categories.
Thus both w  w′ and w  id are symmetric strong monoidal functors whose ex-
tension to ind-objects are faithful and exact. It follows that
Ind(idw′) : Ind(T T ′)→ Ind(T VectfdK′)
is also faithful and exact. Since this functor is strong monoidal, it detects objects
with duals. The assumption that T VectfdK′ is rigid therefore implies that T T ′
is rigid as well. By Lemma 2.1.5, it only remains to check that the endomorphism
ring of the unit object is a field. Since any module over a field is flat, it follows that
the canonical functor
T ⊗T ′ → T T ′
of k-linear categories is full and faithful. Thus the endomorphism ring of the unit
object of T T ′ is canonically isomorphic to k. This shows that T T ′ is indeed
Tannakian.
UNIQUENESS OF FIBER FUNCTORS AND UNIVERSAL TANNAKIAN CATEGORIES 5
The second claim follows from the first and the above discussion of Corol-
lary 2.1.4. 
From now on, we will only rely on the above corollary to give the desired proof
of uniqueness of fiber functors. Note that we have not used the full strength of
Theorems 2.1.2 and 2.1.3 in its proof. It should thus be possible to convince oneself
of the truth of the above corollary by more elementary means. Note, however, that
the use of the more general theory makes it possible to avoid certain technical ques-
tions. For example, in the above proof, the existence of the Deligne tensor product
of two Tannakian categories follows directly from the much simpler existence of the
Kelly tensor product.
The reader enticed by the powers of abstract machinery might be interested in the
following less elementary, but perhaps more enlightening, proof of Theorem 2.1.3.
By analyzing the existence question for fiber functors on a finitely cocomplete sym-
metric monoidal k-linear category A in some detail, one can show that, for any
such A , there exists a universal weakly Tannakian category T (A ) equipped with
a right exact symmetric strong monoidal k-linear functor to A . In other words,
weakly Tannakian categories form a (bicategorically) coreflective subcategory of
finitely cocomplete symmetric monoidal k-linear categories. Thus the subcategory
of weakly Tannakian categories is closed under all colimits, in particular binary
coproducts. That the binary coproduct is given by the Kelly tensor product is
proved in much the same way as the well-known fact that the coproduct of two
commutative rings is given by their tensor product. This is discussed in detail in
[Sch15, §5]. We will return to this viewpoint in §4.
2.2. Scalar extension of linear categories. In the above section, we have shown
that uniqueness of fibre functors follows from the fact that the scalar extension of a
Tannakian category is again Tannakian (see Corollary 2.1.6). We therefore need a
convenient construction of the scalar extension VectfdK A of a finitely cocomplete
k-linear category A . This extension is very simple to describe if the field extension
K is finite. Namely, the external tensor product K  − : A → A gives a monad
whose category of modules is equivalent to VectfdK A . In order to get a similar
description for infinite field extensions, we need to pass to ind-objects. Recall
that an object C of a category C is called finitely presentable if the hom-functor
C (C,−) commutes with filtered colimits. We denote the full subcategory of finitely
presentable objects by Cfp.
Proposition 2.2.1. Let A be a finitely cocomplete k-linear category and let K be
an arbitrary field extension of k. Let Ind(A )K be the category of modules of the
monad
K − : Ind(A )→ Ind(A )
on the category of ind-objects of A . Then there is an equivalence
VectfdK A '
(
Ind(A )K
)
fp
of K-linear categories which is natural in A .
Proof. The Kelly tensor product can be defined relative to any class of colimit
shapes. We write −c− for the Kelly tensor product relative to all small colimits.
From a direct inspection of the respective universal properties it follows that passage
to ind-objects is compatible with the two tensor products. Explicitly, given two
finitely cocomplete k-linear categories A and B, there is an equivalence
Ind(A B) ' Ind(A )c Ind(B)
of k-linear categories which is natural in both A and B.
6 DANIEL SCHA¨PPI
The equivalence A ' Ind(A )fp therefore reduces the problem to checking that
VectK cC ' CK for any cocomplete k-linear category C . This follows as in the
case of finitely cocomplete categories and finite field extensions, either by directly
checking the universal properties, or from the following argument.
The category VectK is the category of modules of the cocontinuous monad
K ⊗ − : Vectk → Vectk. In the 2-category of cocomplete k-linear categories and
cocontinuous functors, Eilenberg-Moore objects coincide with Kleisli objects, hence
they are preserved by any left biadjoint such as −cC . Thus the canonical functor
CK ' (Vectk cC )(K⊗−)C → (Vectk)K c C
gives the desired natural equivalence. 
Recall that giving an object of a finitely cocomplete k-linear category A amounts
to the same as giving a right exact functor Vectk → A . More precisely, evaluation
at the one-dimensional vector space gives an equivalence
Rex(Vectk,A )→ A
of k-linear categories. Thus it makes sense to speak of the scalar extension of
an object. Namely, the scalar extension of A ∈ A is the object corresponding to
K-linear functor
VectfdK F : VectfdK ' VectfdK Vectfdk → VectfdK A ,
where F denotes the essentially unique right exact functor Vectk → A for which
there exists an isomorphism F (k) ∼= A.
The following result shows that scalar extensions of certain simple objects are
again simple. Note that this is valid independent of the existence of any tensor
structure on the category.
Proposition 2.2.2. Let S ∈ A be a simple object such that the canonical morphism
k → A (S, S) is an isomorphism. Let K be a field extension of k. Then the base
change of S is a simple object with endomorphism ring isomorphic to K.
Proof. Under the equivalence of Proposition 2.2.1, the scalar extension of an object
A ∈ A is the free K(−)-module on A in Ind(A ). The underlying object of KS
in Ind(A ) is isomorphic to
⊕
i∈I S, where S denotes any set with the cardinality
of a k-basis of K.
In any Grothendieck abelian category, subobjects of semisimple objects are again
semisimple, and clearly the simple objects occurring in the subobject are contained
in those occuring in the direct sum. Thus the assumption that S is simple implies
that any subobject of K  S is of the form ⊕j∈J S for some subset J ⊆ I.
From the isomorphism k → A (S, S) it follows that the functor
− S : Vectk → Ind(A )
induces an equivalence between Vectk and the full subcategory of Ind(A ) consisting
of direct summands of copies of S. Under this equivalence, a subobject I ⊆ K  S
in Ind(A )K corresponds to an ideal of K, so it must either be zero or all of K.
This shows that the base change of S is simple, and the sequence of isomorphisms
Ind(A )K(K  S,K  S) ' Ind(A )(S,K  S) ' K
shows that the endomorphism ring of K  S is isomorphic to K. 
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3. Scalar extension of Tannakian categories
3.1. Some generalities on exterior powers. There are two ways to generalize
the notion of an exterior power of a vector space to other contexts. Given a module
M over a commutative ring R, the n-th exterior power En(M) is traditionally
defined as the quotient M⊗ . . .⊗M/J of the n-fold tensor power by the submodule
J generated by the elements m1 ⊗ . . . ⊗ mn with the property that there exists
indices i 6= j with mi = mj . Alternatively, one can define a kind of exterior power
Λn(M) as the image of the antisymmetrizer∑
σ∈Σn
sgn(σ)σ : M⊗n →M⊗n
which sends an elementary tensor m1 ⊗ . . .mn to
∑
σ∈Σn sgn(σ)mσ(1) ⊗ . . .mσ(n).
There is always a surjective comparison morphism En(M)→ Λn(M), but there are
examples of modules where the comparison is not an isomorphism, see [Fla67, §5]
for examples.
The advantage of Λn(M) is that it can be defined in much greater generality,
for example, in any abelian category with a symmetric monoidal structure. On the
other hand, the exterior power En(M) has the following useful property that gives
a criterion for a finitely presentable module to be projective.
Proposition 3.1.1. Let M be a finitely presentable R-module. If M is generated by
n elements and the exterior power En(M) is free of rank one, then M is projective
of constant rank n.
Proof. This is a special case of [Ram71, Theorem 2.4]. Since we already assume
that M is finitely presentable, we can in fact immediately reduce this to the case
where R is a local ring, where it follows by induction from the observation that the
existence of an epimorphism M ⊗ . . . ⊗M → R of R-modules implies that R is a
direct summand of M , see [Ram71, Theorem 1.4]. 
It is therefore useful to know when the two definitions of exterior powers co-
incide. Flanders calls a module regularly n-alternate if the comparison morphism
En(M) → Λn(M) is an isomorphism, respectively regularly alternate if it is regu-
larly n-alternate for all n, see [Fla67, §3]. It is elementary to check that a finitely
generated free module is regularly alternate. In §4, we will need the following result.
Proposition 3.1.2. Let M be an R-module. If M is generated by n elements, then
M is regularly n-alternate.
Proof. This is for example proved in [Fla67, Theorem 5]. 
A much more intricate analysis of the antisymmetrizer shows that a direct sum of
regularly alternate modules is regularly alternate, see [Fla67, Theorem 6]. Together
with the above proposition, this implies that any finite direct sum of cyclic modules
is regularly alternate. This applies in particular to all the modules that appear in
§3.2 below, so in principle, we do not need to distinguish Er(M) and Λn(M) in our
elementary proof. However, the proof does not rely on knowing this fact.
3.2. An elementary proof of the scalar extension result. The aim of this
section is to give an elementary proof of the following theorem.
Theorem 3.2.1. Let k be a field, T a Tannakian category over k, and let k′ be any
field extension of k. Then the scalar extension Vectfdk′ T is a Tannakian category
over k′.
As we have already observed, an immediate corollary of this theorem is that fiber
functors of Tannakian categories are locally unique.
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Corollary 3.2.2. Let T be a Tannakian category over k and S a scheme. Then
for any two fiber functors w1, w2 : T → QCoh(S), there exists an fpqc-cover
p : T → S such that there exists a natural isomorphism p∗w1 ∼= p∗w2 of symmetric
monoidal functors. Moreover, there exists an fpqc-gerbe G over k with affine diag-
onal and which admits an fpqc-cover by an affine scheme such that T is equivalent
to Coh(G) as a symmetric monoidal k-linear category.
Proof. By Theorem 3.2.1, the condition of Corollary 2.1.6 is always satisfied. This
proves the first claim, and the second follows directly from this and Tannaka duality
(see Theorem 2.1.2). 
To prove Theorem 3.2.1, first note that we have already seen that the scalar
extension of a Tannakian category has a simple unit object with endomorphism
ring the (new) ground field (see Proposition 2.2.2). Moreover, from Theorem 2.1.3,
we know that the scalar extension is a weakly Tannakian category and that it has
a fiber functor with target the category of k′⊗kK-modules. In other words, we
want to show that any weakly Tannakian category A with fiber functor
w : A →Modk′⊗kK
and a simple unit object is Tannakian. To do this, we only need to check that every
object of the scalar extension has a dual, see Lemma 2.1.5.
It therefore suffices to prove Theorem 3.2.1 for finitely generated field extensions
since scalar extension commutes with filtered (bicategorical) colimits. This natu-
rally reduces the problem to three cases, namely the case where the field extension
k′ of k is finite separable, finite purely inseparable, or purely transcendental of
transcendence degree one.
The case of finite separable field extensions is the easiest. In this case, the algebra
k′⊗kK is a semisimple algebra, so all modules are projective. The claim follows
since fiber functors detect objects with duals.
In the finite purely inseparable case, we can further reduce to field extensions
k′ generated by a single p-th root, where p denotes the characteristic of k. Then
the tensor product k′⊗kK is either again a field, in which case there is nothing to
do, or it is isomorphic to the quotient K[t]/(tp) of the polynomial algebra in one
variable. This case was proved by Deligne, see [Del14, The´ore`me 5.4]. Since this is
in particular a local ring, it also follows from Lemma 4.1.2 below.
It remains to consider the case where k′ = k(t), the field of rational functions
in one variable. As a k-algebra, k(t) is given by the directed union of the algebras
k[t]f of localizations of the ring of polynomial functions at the non-zero polynomials
f , ordered by divisibility. Thus the tensor product k(t)⊗kK is isomorphic to the
directed union of K-algebras K[t]f , where f again denotes a non-zero polynomial
with coefficients in k. These are all principal ideal domains, so it follows that any
finitely presentable module over k(t)⊗kK is a direct sum of cyclic modules. In
particular, any such module is a direct sum of a finitely generated free module and
a torsion module, so the following lemma is applicable.
Lemma 3.2.3. Let R be a domain, let Fn be a free R-module of rank n, and let
T be a torsion R-module. Then the module Λn+1(Fn ⊕ T ) is a non-zero torsion
module.
Proof. To see that Λn+1(Fn ⊕ T ) is torsion, it suffices to check that the exterior
power En+1(Fn ⊕ T ) is torsion since the canonical morphism En(M)→ Λn(M) is
an epimorphism for any R-module M . For En+1(−), the direct sum formula
En+1(Fn ⊕ T ) ∼=
⊕
k+`=n+1
Ek(Fn)⊗ E`(T )
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holds. Since En+1(Fn) ∼= 0, all the direct summands occuring are direct sums of
copies of E`(T ) with ` ≥ 1, hence torsion.
It remains to check that Λn(Fn+1 ⊕ T ) is non-zero. To see this, pick x ∈ T a
non-zero element and let ei denote a basis of Fn. Let vi = ei, 1 ≤ i ≤ n, and let
vn+1 = x. We claim that the image
(3.1) a(v1 ⊗ . . .⊗ vn+1) :=
∑
σ∈Σn+1
sgn(σ)vσ(1) ⊗ . . .⊗ vσ(n+1)
of v1 ⊗ . . .⊗ vn+1 under the antisymmetrizer on (Fn ⊕ T )⊗n+1 is non-zero. To see
this, consider the homomorphism
ϕ := pr1⊗ . . .⊗ prn⊗prT : (Fn ⊕ T )⊗n+1 → R⊗ . . . R⊗ T ∼= T
where pri denotes the projection to the i-coordinate of Fn
∼= R⊕n. The image of
any summand occurring in Formula (3.1) is thus of the form
sgn(σ) pr1(vσ(1))⊗ . . .⊗ prn(vσ(n))⊗ prT (vσ(n+1))
for some permutation σ of n + 1 elements. This vanishes as soon as vσ(i) 6= vi for
some 1 ≤ i ≤ n, hence for any σ 6= id. Thus we have
ϕ
(
a(v1 ⊗ . . .⊗ vn+1)
)
= 1⊗ . . .⊗ 1⊗ x,
which is non-zero since x 6= 0. 
Lemma 3.2.4. Let A be a weakly Tannakian category with a simple unit object.
If there exists a fiber functor
w : A →ModR
where R is a directed union of principal ideal domains, then A is Tannakian.
Proof. The endomorphism ring of the unit of a monoidal category is always commu-
tative by the Eckmann–Hilton argument. The assumption that the unit is simple
thus implies that the endomorphism ring is a field. To show that A is Tannakian,
it only remains to show that it is rigid (see Lemma 2.1.5). To see this, it suffices
to check that w(A) is finitely generated projective for any object A ∈ A .
Since the objects with duals form a generator of Ind(A ) (see Definition 2.1.1), it
follows that w(A) is a finitely presentable module. The assumption on R therefore
implies that it is a direct sum of finitely many cyclic modules. In particular, we have
w(A) ∼= Fn ⊕ T where Fn is a free module of rank n and T is a finitely presentable
torsion module. It only remains to check that T ∼= 0.
If not, we claim that there exists an object X ∈ A such that w(X) is a non-zero
torsion module. Indeed, w
(
Λn+1(A)
) ∼= Λn+1(w(A))∼= Λn+1(Fn ⊕ T ) is a non-zero
torsion module by Lemma 3.2.3. It thus only remains to check that the implication
w(X) torsion⇒ w(X) ∼= 0
holds for all X ∈ A .
We thus fix an object X such that T := w(X) is torsion. By definition of weakly
Tannakian categories, there exists an epimorphism p : V → X where V ∈ A is
an object with a dual. Let ϕ : V ′ → V denote the kernel of p in Ind(A ). By
assumption on R, the morphism w(p) : w(V )→ w(X) is extended from one of the
principal ideal domains R0 ⊆ R exhibiting R as directed union of such. Since R
is flat over R0 (it is clearly torsion free as R0-module), it follows that the kernel
of w(p) is also extended from R0, hence it is finitely generated and free. On the
other hand, this kernel is isomorphic to the image of V ′ under the extension of w
to ind-objects. It follows that V ′ has a dual, hence in particular that it lies in A .
Moreover, passing to the field of fractions shows that w(V ′) and w(V ) are free of
the same rank n ≥ 0.
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We claim that ϕ is an isomorphism. It suffices to check that w(ϕ) is an iso-
morphism. Since this is a morphism between free modules of the same rank, we
only need to check that the determinant En
(
w(ϕ)
) ∼= Λn(w(ϕ)) ∼= w(Λn(ϕ)) is
invertible (recall that the two notions of exterior power coincide for free mod-
ules). Since w(V ′) and w(V ) are flat, it follows that the n-fold tensor product
ϕ⊗n : (V ′)⊗n → V ⊗n is a monomorphism. Thus Λn(ϕ) is a monomorphism be-
tween two ind-objects whose images in ModR are free of rank one. But any such
ind-object is ⊗-invertible in Ind(A ) (hence it lies in particular in A ). Moreover,
since the unit object of A is simple, all ⊗-invertible objects of A are simple as
well. Thus Λn(ϕ) is indeed an isomorphism. This shows that T = w(X) is zero, as
claimed. 
With this in hand, the proof that a scalar extension of Tannakian categories is
again Tannakian is now straightforward.
Proof of Theorem 3.2.1. Let T be a Tannakian category over k with fiber functor
w : A → VectK . For any field extension k′ of k, the scalar extension Vectfdk′ T
is weakly Tannakian and
idw : Vectfdk′ T →Modk′⊗kK
is a fiber functor. Moreover, the unit object of Vectfdk′ T is simple by Proposi-
tion 2.2.2. By Lemma 2.1.5, it only remains to show that the scalar extension is
rigid.
Since the Kelly tensor product commutes with (filtered) bicategorical colimits,
it suffices to check this for finitely generated field extensions. By adjoining one
element at a time, this further reduces the problem to the case of a finite separable
extension, a purely inseparable extension of degree equal to the characteristic, and
a purely transcendental extension of transcendence degree one.
The first case is straightforward and the second is covered either by [Del14,
The´ore`me 5.4] or Lemma 4.1.2 below. If k′ is purely transcendental of transcendence
degree one, then k′⊗kK is the directed union of the localizations K[t]f of the ring
of polynomials at the non-zero polynomials with coefficients in k. Thus Vectfdk′ T
is Tannakian by Lemma 3.2.4. 
4. Universal Tannakian categories
4.1. Weakly Tannakian categories with simple unit object. In Lemma 3.2.4,
we have seen that a weakly Tannakian category with a simple unit object and which
admits a particular type of fiber functor is necessarily Tannakian. The aim of this
section is to prove the following theorem, which shows that the condition on the
fiber functor is in fact superfluous.
Theorem 4.1.1. A weakly Tannakian category A is Tannakian if and only if the
unit object of A is simple.
The proof of this theorem is split into two parts. We first prove this in the
special case where A admits a fiber functor whose target is a local ring. In the
second part, we show that any weakly Tannakian category with a simple unit
object admits such a fiber functor. The first part generalizes the argument of
[Del14, The´ore`me 5.4], while the second is more technical and relies on the notion
of Adams algebra introduced in [Sch15, §4.1].
Lemma 4.1.2. Let A be a weakly Tannakian category such that there exists a
fiber functor w : A →ModR where (R,m) is a local ring. Then A is a Tannakian
category.
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Proof. The endomorphism ring of the unit of a monoidal category is always commu-
tative by the Eckmann–Hilton argument. The assumption that the unit is simple
thus implies that the endomorphism ring is a field. To show that A is Tannakian, it
only remains to show that it is rigid (see Lemma 2.1.5). This amounts to checking
that the R-module M := w(A) is finitely generated free for any A ∈ A . Since M is
finitely presentable, the quotient M/mM is a k-dimensional vector space over the
residue field of R for some k ≥ 1. If M 6= 0, which we henceforth assume, then we
have k > 0.
By Nakayama, M is generated by k elements and thus the k-th exterior power
Ek(M) is a cyclic module. Note that R/m⊗REk(M) ∼= R/m, so Ek(M) is in
particular non-zero.
Recall from Proposition 3.1.2 that any module generated by k elements is reg-
ularly k-alternate, that is, the comparison morphism Ek(M) → Λk(M) is an
isomorphism. Moreover, from Proposition 3.1.1 we know that M is projective
(hence free) if Ek(M) is. We have thus reduced the problem to checking that
Λk(M) ∼= Ind(w)(Λk(A)) is free of rank one, where Ind(w) denotes the extension
of w to ind-objects. Note that, a priori, we only know that Λk(M) is finitely gen-
erated (as opposed to finitely presentable). Nevertheless, since Λk(M) ∼= R/I for
some (possibly infinitely generated) ideal I ⊆ R, it only remains to check that the
annihilator of Λk(M) is trivial.
To see this, recall that Ind(A ) is a symmetric monoidal closed category since
tensoring with any object commutes with small colimits. We denote the unit object
by O and the internal hom by [−,−]. We let W := Ind(w) : Ind(A ) → ModR
denote the extension of w to ind-objects. Using this notation, our aim is to prove
that W
(
Λk(A)
)
has trivial annihilator. By construction, we have an epimorphism
A⊗k → Λk(A), so it suffices to check that W (X) has a trivial annihilator for any
non-zero finitely generated object X ∈ Ind(A ).
Any symmetric strong monoidal functor between symmetric monoidal closed
categories such as W is in particular lax closed. Thus there is a natural transforma-
tion W : W [X,Y ]→ HomR(WX,WY ) subject to various coherence axioms, one of
which says that the diagram
W (O)
∼=

W (j) // W [X,X]
W

R // HomR(WX,WX)
is commutative for any X ∈ Ind(A ), where j denotes the adjunct of the unit
isomorphism X ⊗ O ∼= X. Since the unit object O is simple, the kernel of j must
be either zero or O. The latter happens if and only if X ∼= 0. Thus, for non-zero
X, the morphism W (j) is a monomorphism. This reduces the problem to checking
that W : W [X,Y ]→ Hom(WX,WY ) is a monomorphism for any finitely generated
X ∈ Ind(A ).
By Definition 2.1.1, there exists an epimorphism p : X ′ → X for some object
X ′ ∈ A with a dual. Since W is exact, both horizontal morphisms in the naturality
diagram
W [X,Y ]
W (p∗) //
W

W [X ′, Y ]
W

HomR(WX,WY )
(Wp)∗
// HomR(WX ′,WY )
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are monomorphisms. This reduces the problem to the case where X itself has
a dual. But in this case, it is well known that the comparison homomorphism
W : W [X,Y ]→ HomR(WX,WY ) is in fact an isomorphism. 
Remark 4.1.3. The only place in the above proof where we made use of the fact
that R is local was in the implication that an R-module M with minimal generating
set of finite cardinality k > 0 satisfies Ek(M) 6= 0. This does not hold for more
general rings, even if M is locally free of finite rank (for example, if M is a non-
principal ideal in a Dedekind domain).
The following proposition is closely related to [Sch12, Theorem 1.3.1]. We will
apply it in the case where C = Ind(A ) for a weakly Tannakian category A .
Proposition 4.1.4. Let C be an abelian locally finitely presentable symmetric
monoidal closed category whose unit object is finitely presentable. Assume that
the full subcategory C d of objects with a dual is a generator of C . Let B be a com-
mutative ring and let F : C →ModB be a symmetric strong monoidal left adjoint,
with right adjoint U . If F is exact, then U(B) is a filtered colimit of objects with
duals.
Proof. Write w : C d → ModB for the restriction of F to C d. Since the objects
with duals form a dense generator by [DS86, Theorem 2 and Example (3)], we only
need to check that the slice category
(
C d ↓ U(B)) is filtered. Since F is left adjoint
to U , it follows that this slice category is equivalent to (w ↓ B). Moreover, since w
takes values in finitely generated projective B-modules, we obtain an equivalence
(w ↓ B) ' (B ↓ w(−)∨)op ' el(w(−)∨) by composition with the contravariant
equivalence (−)∨ which takes a finitely generated projective B-module to its dual.
It thus remains to check that the category of elements of w(−)∨ is cofiltered.
It is non-empty since it contains the zero-element of the zero object, and it
clearly has finite direct sums. It only remains to check that any pair of mor-
phisms in the category of elements is equalized on the left by some (not necessarily
unique) morphism. This boils down to checking that any element in the kernel of
w(f)∨ : w(V ′)∨ → w(V )∨ (where f is an arbitrary morphism V → V ′) lies in the
image of the morphism w(g)∨ : w(V ′′)∨ → w(V ′)∨ for some g : V ′ → V ′′. This
follows from the exactness of F and the fact that the duals form a generator of C ,
which implies that they jointly surject onto the kernel of f∨. 
Recall that we call a commutative algebra A in a Grothendieck abelian symmetric
monoidal closed category (C ,⊗, O) an Adams algebra if the unit η : O → A can be
written as a filtered colimit of morphisms ηi : O → Ai, i ∈ I, where each Ai has a
dual and the dual morphism η∨i : A
∨
i → O are epimorphisms for all i ∈ I. Using
exactness of filtered colimits and the internal hom, one can show that any Adams
algebra is faithfully flat, that is, the functor A ⊗ − : C → C is faithful and exact
(see [Sch15, §4.1] for details).
Corollary 4.1.5. Let C be as in Proposition 4.1.4, and let B be a non-zero com-
mutative ring. If the unit object O of C is simple, then any exact symmetric strong
monoidal left adjoint F : C →ModB is faithful.
Proof. Let U be the right adjoint of F and let A := U(B) be the commutative
algebra in C obtained from the trivial B-algebra B. By [Sch18, Proposition 3.9],
the functor F is equivalent to the free A-module functor, so it suffices to check that
A⊗− is faithful and exact.
From Proposition 4.1.4, it follows that the unit of A is a filtered colimit of
morphisms ηi : O → Ai, i ∈ I, where each Ai has a dual. We claim that the dual
morphisms η∨i are epimorphisms.
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Since O is simple, η∨i is either an epimorphism or zero. Assume η
∨
i = 0. Then
its dual ηi would also be equal to zero. Since the unit of A factors through ηi, this
implies that the unit of A is zero and thus that A ∼= 0. This contradicts the fact
that the category of A-modules in C is equivalent to the non-zero category ModB .
Thus η∨i is indeed an epimorphism for all i ∈ I. Therefore A is an Adams algebra,
so A⊗− : C → C is faithful by [Sch15, Proposition 4.1.6]. 
With this in hand, it is now easy to show that a weakly Tannakian category with
simple unit object is Tannakian.
Proof of Theorem 4.1.1. Let A be a weakly Tannakian category with simple unit
object and fiber functor w : A → ModB . Since the unit object is in particular
non-zero, we must have B 6= 0 by faithfulness of w. Let R = Bp be the localization
of B at any prime ideal p ( B. Then the composite
Ind(A )
Ind(w) //ModB
R⊗B −//ModR
is an exact symmetric strong monoidal left adjoint. By Corollary 4.1.5, it is there-
fore also faithful. ThusA admits a fiber functor with target the category of modules
over a local ring. From Lemma 4.1.2 we know that any weakly Tannakian category
with a simple unit object which admits such a fiber functor is Tannakian. 
4.2. Applications. We conclude with two applications of the new characterization
of Tannakian categories given in Theorem 4.1.1. We call an fpqc-gerbe a Tannakian
gerbe if it has an affine diagonal and an fpqc-cover by an affine scheme. These are
precisely the gerbes G for which Coh(G) is a Tannakian category.
Proposition 4.2.1. Any minimal closed substack Z ⊆ X of an Adams stack X is a
Tannakian gerbe. In particular, any non-empty Adams stack contains a Tannakian
gerbe as a closed substack.
Proof. It suffices to show that the category QCohfp(Z) is Tannakian. By Theo-
rem 4.1.1, this amounts to checking that the unit object OZ is simple. Equivalently,
we need to show that the ideal defining Z is a maximal subobject of OX . If it were
not, then Z would contain a proper non-empty closed substack, contradicting the
minimality of Z.
The second claim follows from the existence of maximal subobjects of OX , which
is a consequence of Zorn’s lemma and the fact that OX is a finitely presentable
object of QCoh(X). 
The second application concerns the universal weakly Tannakian categories in-
troduced in [Sch15, §5.6]. From now on, we fix a commutative ring R and assume
that all categories and functors are R-linear unless stated otherwise. A finitely
cocomplete symmetric monoidal category B is called right exact if tensoring with
any fixed object preserves finite colimits. For any such category B, there exists a
weakly Tannakian category T (B) and a symmetric strong monoidal linear functor
E : T (B)→ B which is universal in the sense that any symmetric strong monoidal
functor A → B factors essentially uniquely through E. Our second application
gives conditions for the universal weakly Tannakian category to be Tannakian.
We briefly recall the construction of T (B). To do this, we need the notion of a
locally free object of constant finite rank and a locally split epimorphism. We define
these for locally finitely presentable abelian symmetric monoidal categories C (and
then apply this in the case C = Ind(B); in particular, we make the additional
assumption that B is ind-abelian).
An object V ∈ C with a dual is called locally free of rank d for some d ∈ N
if there exists a faithfully flat commutative algebra B ∈ C such that B ⊗ V is
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isomorphic to B⊕d in the category of B-modules in C . A morphism p : V → W is
called a locally split epimorphism if there exists an algebra B as above such that
B⊗p is a split epimorphism of B-modules in C . Locally split right exact sequences
are defined similarly, see [Sch15, Definition 5.4.1] for a precise definition.
We write B`f for the full subcategory of B consisting of the locally free objects
of Ind(B) of constant finite rank and we let Σ be the set of locally split right exact
sequences in Ind(B) between objects inB`f . Then the category LexΣ[B
op
`f ,ModR]
of presheaves on B`f which send sequences in Σ to left exact sequences of R-
modules is reflective in the category of all presheaves. In fact, the locally split
epimorphisms induce an enriched Grothendieck topology on the category of R-linear
presheaves whose category of R-linear sheaves is precisely LexΣ[B
op
`f ,ModR]. The
category T (B) is the closure of B`f in LexΣ under finite colimits, see [Sch15,
Definition 5.6.3].
Theorem 4.2.2. Let B be an ind-abelian right exact symmetric monoidal R-linear
category. If the unit object of B is simple, then the universal weakly Tannakian
category T (B) is Tannakian. Moreover, the functor E : T (B) → B is exact, full
and faithful, and its essential image consists of the locally free objects of constant
rank B`f ⊆ B.
Note that the endomorphism ring of the unit object is necessarily a field if it is
simple, so we can assume that R is a field without loss of generality. If this field has
characteristic zero, then the above theorem is relatively straightforward to prove,
but it is more involved in positive characteristic. We will use McCoy’s theorem.
Theorem 4.2.3. Let B be a commutative ring, f ∈ B[x1, . . . , xn] a polynomial
in n variables. If f is a zero-divisor in B[x1, . . . , xn], then there exists a non-zero
element b ∈ B which annihilates f .
Proof. This is proved in [McC42, Theorem 3]. 
We will also need the following criterion for a morphism with target the unit
object to be a locally split epimorphism. It is only applicable in the case where
C = Ind(B) is abelian, which explains why we need to assume thatB is ind-abelian
in Theorem 4.2.2.
Lemma 4.2.4. Let C be a locally finitely presentable abelian symmetric monoidal
closed category, V ∈ C a locally free object of rank d ∈ N. Let p : V → O be an
epimorphism. Then p is locally split if and only if the duals of the morphisms
O
p⊗i // V ⊗i // Symi(V )
are epimorphisms for all i ∈ N.
Proof. This is precisely the conclusion of [Sch15, Proposition 5.3.4(iv)], so we only
need to check that its conditions are satisfied, namely that Symi(M∨) has a dual
for all i ∈ N. Since M∨ is locally free of rank d, it is isomorphic to the image of
the standard representation of GLd under some symmetric strong monoidal functor
Rep(GLd)→ C (see [Sch15, Theorem 4.3.10]). This reduces the problem to check-
ing that symmetric powers of the standard representation are locally free, which
follows directly from the fact that symmetric powers of free modules are free. 
Proof of Theorem 4.2.2. To show that the universal weakly Tannakian category
T (B) is Tannakian, it suffices to check that its unit object is simple (see Theo-
rem 4.1.1). This category has a generator given by the representable presheaves
B(−, V ) with V ∈ B`f . We therefore need to show that all morphisms
B(−, p) : B(−, V )→ B(−, O)
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are either zero or epimorphisms in LexΣ. Since B(−, p) is an epimorphism in
LexΣ if and only if p is a locally split epimorphism in Ind(B) (see [Sch15, Propo-
sition 5.4.13]), this amounts to showing that any non-zero morphism p : V → O is
a locally split epimorphism.
Since the unit object is simple and any epimorphism is locally split in char-
acteristic zero (see [Sch15, Corollary 5.3.5]), the proof is complete if End(O) has
characteristic zero. In the general case, we will apply Lemma 4.2.4. Since O is
simple, this amounts to checking that the the dual of the morphism
O
p⊗i // V ⊗i // Symi(V )
is non-zero for all i ∈ N and all non-zero morphisms p : V → O. This is clearly the
case if and only if the morphism itself is non-zero. Note that the dual p∨ : O → V ∨
of p is a monomorphism since O is simple.
To check that a morphism is non-zero, it suffices to check that its image under
some faithful functor is non-zero. By definition of locally free objects of finite rank,
we can thus assume that V ∼= O⊕d at the expense of working in some symmetric
monoidal category D whose unit object O is no longer simple. However, the prop-
erty that the dual morphism p∨ : O → O⊕d is a monomorphism is retained since
the base change functor appearing in the definition of locally free objects of rank d
commutes with finite limits.
Since the canonical symmetric strong monoidal left adjoint
ModEnd(O) → D
is full and faithful on finitely generated free modules, we can assume without loss
of generality that D 'ModB where B = End(O). In this case, the claim we want
to prove is a statement about polynomials in d variables. Namely, we want to show
that, given elements b1, . . . , bd ∈ B for which the induced morphism B → Bd is
a monomorphism, the i-fold power (
∑
bkxk)
i is non-zero in the polynomial ring
B[x1, . . . , xd].
If this power were zero, the polynomial would in particular be a zero-divisor,
so McCoy’s Theorem (see Theorem 4.2.3) would be applicable. But the existence
of a non-zero b ∈ B annihilating ∑ bkxk contradicts the fact that the morphism
B → B⊕d given by the elements bk is a monomorphism. This concludes the proof
that any non-zero morphism p : V → O in Ind(B) where V is locally free of constant
finite rank is a locally split epimorphism. Thus the unit of T (B) is indeed simple,
as claimed, and T (A ) is Tannakian by Theorem 4.1.1.
We next show that the functor E : T (B) → B is full and faithful. First note
that any object of a Tannakian category is locally free of constant finite rank, as
witnessed by any fiber functor with target a category of vector spaces. From [Sch15,
Proposition 5.5.1] it follows that the Yoneda embedding
Y : B`f → T (B)`f = T (B)
is an equivalence of categories. By construction, the composite E ◦Y is isomorphic
to the inclusion B`f → B. Thus E is indeed full and faithful with essential image
given by B`f .
Finally, it remains to check that E is exact. Since the domain of E is Tannakian,
this follows from the fact that any right exact symmetric strong monoidal functor
whose domain is rigid and whose codomain is closed is also left exact (see [Del90,
Corollaire 2.10(i)]). 
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